Abstract-Block transmission in wireless communications systems is very sensitive to Carrier Frequency Offset (CFO). In order to reduce the number of pilot symbols used in the estimation of rapidly-varying CFO it was proposed to use a truncated Taylor's series to predict the CFO, where the derivatives up to order d í 1 of the series terms are recursively estimated with a d-order Kalman filter (KF). We propose to compare the performance of fourth-order KF predictor in the most popular block transmission systems: OFDM and SC-FDE systems.
I. INTRODUCTION
UTURE wireless systems will support ever increasing data rates. Presently Orthogonal Frequency Division Multiplexing (OFDM) and Single Carrier Frequency-Domain Equalization (SC-FDE) transmission schemes are presented as valid solutions to support future applications. OFDM and SC-FDE can cope with highly dispersive channels without requiring complex receiver structures [1, 2] . In order to prevent Inter-Symbol Interference (ISI), which occurs in multipath channels, a guard interval is added by extending the signal with a cyclic prefix. This guard interval has to be larger than the overall channel impulse response (CIR) and, in order to maintain bandwidth efficiency, should be a small fraction of the total symbol duration. This leads to longer symbols in which it is almost certain the channel characteristics to vary. And, as frequency errors can not exceed a small fraction of the inverse total symbol duration we have that block transmission is very sensitive to Carrier Frequency Offset (CFO). One source of CFO is the frequency mismatch between the local oscillators at the transmitter and receiver. Another possible source of CFO is the Doppler frequency shift caused by relative motion between the transmitter and the receiver. CFO estimation becomes more challenging in a Time Division Multiple Access (TDMA) scheme where the non-continuity of the users time-slot makes the use of previous estimations less helpful. There are two basic approaches for dealing with CFO estimation, see [3] and references within: using pilot symbols to extract the carrier frequency and phase of the received signal; or deriving the carrier frequency directly from the modulated signal, usually called a blind scheme. The first option will always require additional bandwidth consumption. Alternatively, in SC-FDE schemes differentially encoded transmission proved to be robust to the presence of CFO.
There are various data-aided CFO estimators described in the literature for OFDM schemes. In [4] Moose proposed a Maximum Likelihood (ML) CFO estimator, based on the use of two consecutive and identical symbols, with a frequency acquisition range of ±1⁄(2T), where T is the symbol duration. This result was later extended in [5] . Morelli and Mengalli proposed in [6] a estimator based in the Best Linear Unbiased Estimator (BLUE) principle with the use of only one pilot symbol having L > 2 identical parts and allowing a frequency acquisition range of ±L⁄(2T). When dealing with rapidly varying CFO, a situation likely to occur in mobile telecommunications, the estimates are obtained at the pilot symbols and predicted at the data symbols. In [7] , a state-space estimation solution was devised, displaying overall superior results to those presented by conventional linear algorithms.
In this article we propose comparing the state-space estimation of rapidly-varying CFO in OFDM systems with the state-space estimation of rapidly-varying CFO in SC-FDE systems. Since channel coding is important in OFDM systems [8] , leading to a very high coding gain, especially if soft decision decoding is applied, we compare both OFDM and SC-FDE systems under these conditions. This article is organized as follows: in sec. I we introduce this paper; in sec. II we characterize the proposed system and describe the CFO problem for OFDM schemes and for SC-FDE schemes; in sec. III we present the state-space solution for the CFO estimation problem; in sec. IV The CFO has to be predicted at the data symbols using the estimates obtained at the pilot symbols.
In [7] , a state-space approach was proposed whereby the CFO is modeled as the first component of a d-dimensional state vector which is recursively estimated by a Kalman filter (KF). Let (t) = f 0 T stand for the (symbol duration) normalized CFO. The idea is to approximate at time t + , with > 0, using the truncated Taylor's series
and resorting to the KF to estimate (t) and the derivatives ( ), ( ),
A. OFDM Consider the time-domain size-N block of received data symbols { n yc ; n = 0, 1,…, N í 1} in the presence of CFO, where for OFDM systems 0 2 exp
with being the normalized (to the symbol duration T) time-varying CFO, 0 is an unknown phase, n n is zero-mean Gaussian noise with variance
In ( ; k = 0, 1,…, N í1}. The samples y n,l are separated in two streams: the pilot symbols, corresponding to (l mod p) = 0 and the data symbols, corresponding to (l mod p) = 1,…, p í 1, for the lth received burst.
The pilot symbols are split into L sections of M samples,
Consider now the correlation between subsets
the case 2m = L corresponds to the Schmidl and Cox algorithm.
For
In the presence of weak noise we
where D is a real quantity depending on the channel response and (m) is a complex quantity that depends on the channel noise, such that |(m)| << 1, with high probability [6] . Thus, a normalized CFO estimate can be obtained aŝà
where I (m) is the imaginary part of (m).
Simulations have shown that for N >> 1, I (m) is approximately Gaussian. The acquisition range of estimator (5) 
For L constant, the range depends on m,
and is maximized for m = 1 with 2. L
Q d
Reference [6] describes how to estimate based on the BLUE principle. However, for rapidly-varying CFOs the percentage of pilot symbols has to be high, thus impairing the bandwidth efficiency. In the next section we propose to use the estimates (5) as the input of a KF that filters Q at the pilot symbols and predicts at the data symbols for an OFDM scheme.
B. SC-FDE
Consider the time-domain size-N block of received data symbols { n yc ; n = 0, 1,…, N í 1} in the presence of CFO, assuming a AWGN channel, where for SC-FDE systems 0 2 exp ,
where {s n ; n = 0, 1,…, N í 1} is the time-domain data symbols chosen from a given constellation, e.g. QPSK. The phase E 0 can be obtained during the transmission interval by using pilot symbols. Transmitting as pilot symbols known symbols then we can estimate in the following way:
and
for an appropriate M. 
It can be easily shown that the optimum value of M is 2 3 , M N corresponding to
III. STATE-SPACE SOLUTION
Assume that the CFO can be well extrapolated, at the data symbols, using the Taylor's series in (1) 
F x t x t x t x t w t x t x t x t x t
where w(t) is zero-mean white Gaussian noise with power spectral density G w (f) = q c . The discrete-time state vector for a discretization interval û = pT S , at the pilot symbol i, is
The corresponding dynamics equation is ( ) , 0, ,2 ,...
where the state transition matrix is
and {w i } is a zero-mean white Gaussian sequence with variance q = q c û.
The observations model isî
where { i } is a zero-mean white Gaussian sequence uncorrelated with {w i }, with variance r, that quantifies the effect of noise in (5) and (7). The KBF associated with (12)- (15) estimates recursively the state vector X i . The following equations are used, witĥ
denoting respectively the p-step prediction and filtering estimates at iteration i [8] x prediction step(
where P(i | i í p) and P(i | i) are respectively the p-step prediction and filtering covariance matrices at iteration i. 
Q
The computational effort required by the KBF is small and an be further reduced by noting that the propagation of the , ,ê xp 2 .
Then we obtain the received symbols estimates through harddecisions , n n s HD s
and after QPSK demapping of the received symbol estimates, we obtain the estimated received information bits.
V. PERFORMANCE RESULTS
In order to compare the performance of the SC-FDE and the OFDM schemes we consider QPSK modulated bursts with N = 256 symbols transmitted over a strongly frequency-selective Rayleigh fading channel. We adopt the power delay profile type C within HIPERLAN/2, with uncorrelated Rayleigh fading on the different paths. An ideal coherent detection, with perfect synchronization and channel estimation, was assumed.
The (normalized) CFO is modeled by a sinusoidal law
where max is the maximum value of and U is the period in symbols intervals. Throughout this section we do U = 100 and divide the training symbol in L = 8 sections. We set the KBF parameters to q = 10 í3 and r = 1. These parameters are slightly suboptimal since the optimum values depend on the SNR. Notice that the amount of smoothing introduced by the KBF can be controlled through the ratio r⁄q. For the CFO estimators used in the different schemes we do in (4) and (5) m = 1 and for (7) and (8) 2 6 . M N In Fig. 2 we plot the true CFO (Green) and the estimates provided by the KBF when we use (5) in the OFDM scheme (Blue) or (7) in the SC-FDE scheme (Red) for the time interval 3U = 300 symbol intervals with SNR = 15 dB, max = 1 and p = 10. We can see that the estimates provided by the are, both cases, able to track the true trajectory with only small errors. During the initial 3p symbols intervals the estimates 2, n x to 4 , n x are in convergence process and, thus, cannot be used for prediction. Instead, a piecewise constant CFO estimate is shown in that interval. In Fig. 3 we plot CFO normalized mean squared errors (NMSE),
l l E Q Q provided by the KBF for the SC-FDE scheme or the OFDM scheme versus the prediction step p for max = 1, with SNR = 10 and 20 dB. For comparison, we also indicate the Cramér-Rao bound, for the expression see the appendix. As expected, the NMSE increases with the period of the pilot symbols. The estimates provided by the KBF for the OFDM schemes are, for all scenarios, more accurate than the estimates provided by the KBF for the OFDM schemes.
In Fig. 4 we plot the uncoded BER performances, for the OFDM receiver or the SC-FDE receiver with KBF CFO estimator, in the presence of static multipath fading. The following symbol periods were used: p = 4, 8, and 10, wich corresponds to 4%, 8% and 10% of the CFO repetition period (U = 100).
For the QPSK signaling we have
Since the guard interval is much smaller than the useful symbol duration, we assume that the SNR loss due to discarding the cyclic prefix in the receiver is negligible. For comparison, we display the bit error rate of QPSK for multiphase signaling over a Rayleigh fading channel. We also display the curve of BER performance of the SC-FDE scheme with no CFO, i.e., with f o = 0. For p = 4 we see that for both SC-FDE schemes and OFDM schemes the performance of the receivers is similar to those expected in a no CFO situation, i.e., with f o = 0. We have for SC-FDE schemes that with p = 8 we have a slightly suboptimal performance and for p = 10 the SC-FDE scheme performance is similar to those expected of an OFDM scheme. In OFDM schemes with p =8 or p = 10, we have that for larger 0 b E there is an increasing degradation regarding the theoretical BER. Fig. 5 depicts the coded BER performance, for the OFDM receiver or the SC-FDE receiver with KBF CFO estimator, in the presence of static multipath fading. We use the same pilot symbols periods has in fig. 4 . We use a 64 states error correcting convolutional code with ½ coding rate on both SC-FDE and OFDM schemes. We observed improved performance for both receivers. The OFDM scheme reveals a very high coding gain and outperforms the SC-FDE scheme.
VI. CONCLUSIONS
We compared the state-space estimation of rapidly-varying CFO in OFDM systems with the state-space estimation of rapidly-varying CFO in SC-FDE systems. For both schemes the KBF estimator offers accurate estimates of the rapidlyvarying CFO. The proposed receiver for SC-FDE schemes exhibits best uncoded BER performance results than that of the OFDM scheme receiver. Coded OFDM schemes outperform the coded SC-FDE schemes. For Coded OFDM is less evident the influence of rapidly-varying CFO in the receivers performance, permitting the use of longer symbol periods.
APPENDIX
The Cramér-Rao bound is given by [6] 
which is the minimum NMSE achievable with an unbiased non-recursive parameter estimator. The bit error rate for QPSK is derived on the basis that the pair of information bits is mapped into the four phases according to a Gray code [9] , we have for multiphase signaling over a Rayleigh slow fading channel 
